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Abstract

Contrary to the common wisdom that asset prices are barely possible to forecast, we
show that that high and low prices of equity shares are largely predictable. We propose
to model them using a simple implementation of a fractional vector autoregressive model
with error correction (FVECM). This model captures two fundamental patterns of high and
low prices: their cointegrating relationship and the long memory of their difference (i.e. the
range), which is a measure of realized volatility. Investment strategies based on FVECM
predictions of high/low US equity prices as exit/entry signals deliver a superior performance
even on a risk-adjusted basis.
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1 Introduction

The common wisdom in the financial literature is that asset prices are barely predictable (e.g.
Fama, 1970, 1991). The rationale for this idea is the Efficient Market Hypothesis (EMH) in
which asset prices evolve according to a random walk process. In this paper, we argue that
this principle does not hold for the so-called ”high” and ”low” prices, i.e. the maximum and
minimum price of an asset during a given period. By focusing on asset price predictability rather
than assessing the EMH paradigm, we address three main questions in this paper: are high and
low prices of equity shares predictable? How can we model them? Do forecasts of high and low
prices provide useful information for asset and risk management?

There are three respects in which high and low prices can provide valuable information for
their predictability. First, they inform people’s thinking. Kahneman and Tversky (1979) show
that when forming estimates, people start with an initial arbitrary value, and then adjust it
in a slow process. In more general terms, behavioral finance studies have shown that agents’
behavior generally depends on reference levels. As in a self-reinforcing mechanism, these forms
of mental accounting and framing plus previous highs and lows typically represent the reference
values for future resistance and support levels.

Second, high and low prices actually shape the decisions of many kinds of market partici-
pants, in particular technical analysts.! More generally, any investor using a path-dependent
strategy typically tracks the past history of extreme prices. Thus, limit prices in pending stop-
loss orders often match the most extreme prices in a previous representative period. Moreover,
as highlighted in the literature on market microstructure, high and low prices also convey infor-
mation about liquidity provision and the price discovery process.?

Finally, extreme prices are highly informative as a measure of dispersion. The linear differ-
ence between high and low prices is known as the range. Since Feller (1951), there have been
many studies on the range, starting from the contribution of Parkinson (1980) and Garman
and Klass (1980) among many others.® The literature shows that the range-based estimation of
volatility is highly statistically efficient and robust with respect to many microstructure frictions
(see e.g. Alizadeh, Brandt, and Diebold, 2002).

In order to answer the question of why high and low prices of equity shares are predictable, we
present a simple implementation of a fractional vector autoregressive model with error correction
(hereafter referred to as FVECM) between high and low prices. The rationale for this modeling
strategy is twofold. First, it captures the cointegrating relationship between high and low
prices, i.e. they may temporarily diverge but they have an embedded convergent path in the
long run. This motivates the error correction mechanism between high and low prices. Second,
the difference between the high and low prices, i.e. the range, displays long memory that can be
well captured by the fractional autoregressive technique. Combining the cointegration between
highs and lows with the long memory of the range naturally leads to model high and low prices
in an FVECM framework.

The long-memory feature of the range is consistent with many empirical studies on the
predictability of the daily range, a proxy of the integrated volatility, see for example Gallant,

'Recently, academics documented that technical analysis strategies may succeed in extracting valuable infor-
mation from typical chartist indicators, such as candlesticks and bar charts based on past high, low, and closing
prices (e.g. Lo, Mamaysky, and Wang, 2000), and that support and resistance levels coincide with liquidity clus-
tering ( Kavajecz and Odders-White (2004)). The widespread use of technical analysis especially for short time
horizons (intraday to one week) is documented in, e.g., Allen and Taylor (1990). Other papers on resistance levels
are Curcio and Goodhart (1992), DeGrauwe and Decupere (1992), and Osler (2000).

2For instance, Menkhoff (1998) shows that high and low prices are very informative when it comes to analyzing
the order flow in foreign exchange markets.

3See also Beckers (1983), Ball and Torous (1984), Rogers and Satchell (1991), Kunitomo (1992), and more
recently Andersen and Bollerslev (1998), Yang and Zhang (2000), Alizadeh, Brandt, and Diebold (2002), Brandt
and Diebold (2006),Christensen and Podolskij (2007), Martens and van Dijk (2007), Christensen, Zhu, and Nielsen
(2009).



Hsu, and Tauchen (1999) which fits a three-factor model to the daily range series to mimic
the long-memory feature in volatility, or Rossi and Santucci de Magistris (2009) which finds
fractional cointegration between the daily range computed on futures and spot prices. This
evidence allows the predictability of variances to be embedded in a model for the mean dynamic
of extreme prices. The model we propose thus captures the predictability of extreme prices
by means of the predictability of second-order moments, which is a widely accepted fact since
the seminal contribution of Engle (1982) and following the ARCH models literature. We thus
provide an affirmative answer to the first and second questions initially posed: first, there is
compelling evidence of the predictability of high and low prices; second, it suffices to apply a
linear model that captures the fractional cointegration between the past time series of highs and
lows.

To answer our third question, i.e. do forecasts of high and low prices provide useful infor-
mation for asset management, we analyze intraday data of the stocks forming the Dow Jones
Industrial Average index over a sample period of eight years. The sample period is pretty rep-
resentative since it covers calm and liquid markets as well as the recent financial crisis. We
find strong support for the forecasting ability of FVECM, which outperforms any reasonable
benchmark model. We then use the out-of-sample forecasts of high and low prices to implement
some simple trading strategies. The main idea is to use high and low forecasts to determine
entry and exit signals. Overall, the investment strategies based on FVECM predictions deliver
a superior performance even on a risk-adjusted basis.

The present paper is structured as follows. Section 2 discusses the integration and cointe-
gration properties of high and low daily prices in a non-parametric setting. At this stage, our
analysis is purely non-parametric and employs the most recent contributions of the literature
(such as Shimotsu and Phillips (2005), Robinson and Yajima (2002), and Nielsen and Shimotsu
(2007)). Section 3 presents the FVECM that is an econometric specification consistent with the
findings of the previous section, i.e. the fractional cointegration relationship between high and
low prices. After reporting the estimation outputs, Section 4 provides an empirical application
of the model forecast in a framework similar to the technical analysis. Section 5 concludes the

paper.

2 Integration and Cointegration of Daily High and Low Prices

Under the EMH, the daily closing prices embed all the available information. As a result, the best
forecast we could make for the next day’s closing price is today’s closing price. This translates
into the commonly accepted assumption of non-stationarity for the closing prices or, equiva-
lently, the hypothesis that the price evolution is governed by a random walk process (which is
also referred to as an integrated process of order 1, or a unit-root process). Consequently, price
movements are due only to unpredictable shocks.* Furthermore, the random walk hypothesis is
also theoretically consistent with the assumption that price dynamics are driven by a geometric
Brownian motion, which implies normally distributed daily log-returns. Finally, the EMH im-
plies that the prices are not affected by some short-term dynamics such as autoregressive (AR)
or moving average (MA) patterns.’®

However, it is also commonly accepted that daily log-returns strongly deviate from the hy-
pothesis of log-normality, thus casting some doubts on the law of motion hypothesis, in particular
with respect to the distributional assumption. In fact, extreme events are more likely to occur
compared with the Gaussian case, and returns are asymmetric, with a density shifted to the

“In more general terms, if the EMH holds, future prices cannot be predicted using past prices as well as using
past values of some covariates. We do not consider here the effects of the introduction of covariates, but focus on
the informative content of the price sequence. As a result, we focus on the ”weak-form efficiency” as presented in
Fama (1970).

®The short-term dynamic could co-exist with the random walk within an ARIMA structure, where autoregres-
sive (AR) and moving average (MA) terms are coupled with unit root (integrated) components.



left (negative asymmetry). Many studies analyze market efficiency by testing the stationarity
of daily closing prices or market values at given points of time, see Lim and Brooks (2011).°

Although market efficiency should hold for any price, by their very nature high/low prices
differ from closing prices in two main respects. First, liquidity issues are more relevant for high
and low prices. Intuitively, high (low) prices are more likely to correspond to ask (bid) quotes,
thus transaction costs and other frictions such as price discreteness, the tick size (i.e. the minimal
increments) or stale prices might represent disturbing factors. Second, highs and lows are more
likely to be affected by unexpected shocks such as (unanticipated) public news announcements.
Then, some aspects such as market resiliency and quality of the market infrastructure can be
determinant. In view of these considerations, we pursue a conservative approach by considering
the predictability of highs and lows per se as weak evidence of market inefficiency. A more
rigorous test is the analysis of the economic implications arising from the predictability of highs
and lows. More specifically, we assess whether their prediction provides superior information to
run outperforming trading rules.

We should also stress that this attempt will be limited to the evaluation of the serial cor-
relation properties of those series, without the inclusion of the information content of other
covariates. Our first research question is thus to analyze the stationarity properties of daily
high and daily low prices in order to verify whether the unpredictability hypothesis is valid if
applied separately to the two series. If the unpredictability hypothesis holds true, both high and
low prices should be driven by random walk processes, and should not have relevant short-term
dynamic components (they should not be governed by ARIMA processes). To tackle this issue
we take a purely empirical perspective: at this stage we do not make assumptions either on
the dynamic process governing the evolution of daily high and low, nor on the distribution of
prices, log-prices or returns over high and low. Such a choice does not confine us within the
unrealistic framework of geometric Brownian motions, and, more relevantly, does not prevent us
from testing the previous issues. In fact, when analyzing the non-stationarity of price sequences,
a hypothesis on the distribution of prices, log-prices or returns is generally not required. Given
the absence of distributional hypotheses and of assumptions on the dynamic, we let the data
provide some guidance. We thus start by analyzing the serial correlation and integration prop-
erties of daily high and low prices. Furthermore, given the link between high and low prices and
the integrated volatility presented in the introduction, we also evaluate the serial correlation and
integration of the difference between high and low prices, the range. In the empirical analyses
we focus on the 30 stocks belonging to the Dow Jones Industrial Average index as of end of
December 2010.

We consider the daily high log-price, p{{ = log(PtH ), and the daily low log-price, ptL =
log(P}). Our sample data covers the period January 2, 2003 to December 31, 2010, for a total
of 2015 observations. The plots of the daily high and low prices show evidence of a strong
serial correlation, typical of integrated processes, and the Ljung-Box test obviously strongly
rejects the null of no correlation for all lags.” Therefore, we first test the null hypothesis of
unit root for the daily log-high, log-low and range by means of the Augmented Dickey Fuller
(ADF) test. In all cases, the ADF tests cannot reject the null of unit root for the daily log-high
and log-low prices.® TThis result is robust to the inclusion of the constant and trend, as well
as different choices of lag. The outcomes obtained by a standard approach suggest that the
daily high and daily low price sequences are integrated of order 1 or, equivalently, that they
are governed by random walk processes (denoted as I(1) and I1(0), respectively). At first glance,
this finding seems to support the efficient market hypothesis. This is further supported by the
absence of a long- and short-range dependence on the first differences of daily high and daily
low log-prices. Moreover, there is clear evidence that daily range is not an I(1) process, but

5To our knowledge, Cheung (2007) represents the only noticeable exception that analyzes high and low prices.

"Results not reported but available on request.

8Using standard testing procedures based on the ADF test, we also verified that the integration order is 1,
given that on differenced series the ADF test always rejects the null of a unit root.



should be considered an I(0) process. Based on these results, one can postulate that daily high
and daily low prices are cointegrated, since there exists a long-run relation between highs and
lows that is an I(0) process. However, this finding must be supported by proper tests, since
the existence of a cointegrating relation between daily high and daily low potentially allows for
the construction of a dynamic bivariate system which governs the evolution of the two series,
with a possible impact on predictability. These results confirm the findings in Cheung (2007).
Besides the previous result, Andersen and Bollerslev (1997) and Breidt, Crato, and de Lima
(1998), among others, find evidence of long memory (also called long range dependence) in asset
price volatility. This means that shocks affecting the volatility evolution produce substantial
effects for a long time. In this case, volatility is said to be characterized by a fractional degree of
integration, due to the link between the integration order and the memory properties of a time
series, as we will see in the following. In our case, the autocorrelation function, ACF, in Figure
1 seems to suggest that the daily range is also a fractionally integrated process, provided that it
decays at a slow hyperbolic rate. In particular, the ACF decays at a slow hyperbolic rate, which
is not compatible with the I(0) assumption made on the basis of ADF tests. Unfortunately, the
ADF is designated to test for the null of unit root, against the I(0) alternative, and it is also
well known, see Diebold and Rudebusch (1991), that the ADF test has very low power against
fractional alternatives. Therefore, we must investigate the integration order of daily high and
low prices and range in a wider sense, that is in the fractional context. We also stress that the
traditional notion of cointegration is not consistent with the existence of long-memory. In order
to deeply analyze the dynamic features of the series at hand, we resort to more recent and non-
standard tests for evaluating the integration and cointegration orders of our set of time series.
Our study thus generalizes the work of Cheung (2007) since it does not impose the presence of
the most traditional cointegration structure, and it also makes the evaluation consistent with
the findings of long memory in financial data.

We thus investigate the degree of integration of the daily high and low prices, and of their
difference, namely the range, in a fractional or long-memory framework. This means that we
assume that we observe a series, y; ~ I(d), d € R, for t > 1, is such that

(1= L)y = w (1)

where u; ~ I(0) and has a spectral density that is bounded away from zero at the origin.
Differently from the standard setting, the integration order d might assume values over the
real line and is not confined to integer numbers. Note that if d = 1 the process collapses on
a random walk, whereas if d = 0 the process is integrated of order zero, and thus stationary.
The econometrics literature on long-memory processes distinguishes between type I and type 11
fractional processes. These processes have been carefully examined and contrasted by Marinucci
and Robinson (1999), and Davidson and Hashimzade (2009). The process y; reported above
is a type II fractionally integrated process, which is the truncated version of the general type
I process, since the initial values, for t = 0, —1,—2, ... are supposed to be known and equal to
the unconditional mean of the process (which is equal to zero)?. In this case, the term (1 — L)%
results in the truncated binomial expansion

T—1 .
d I'(i —d) i

(1-1)%= ; NS 2)

so that the definition in (1) is valid for all d, see Beran (1994) among others. In particular,
for d < 0, the process is said to be anti-persistent, while for d > 0 it has long memory. When
dealing with high and low prices, our interest refers to the evaluation of the integration order
d for both high and low, as well as of the integration order for the range. Furthermore, if the
daily high and daily low time series have a unit root while the high-low range is a stationary

In contrast, type I processes assume knowledge of the entire history of v



but long-memory process, a further aspect must be clarified. In fact, as already mentioned, the
presence of a stationary linear combination (the high-low range) of two non-stationary series
opens the door to the existence of a cointegrating relation. However, the traditional tests of
cointegration are not consistent with the memory properties of the high-low range. Therefore,
we chose to evaluate the fractional cointegration across the daily high and daily low time series.

In the context of long-memory processes, the term fractional cointegration refers to a gen-
eralization of the concept of cointegration, since it allows linear combinations of (d) processes
to be I(d —b), with 0 < b < d. The term fractional cointegration underlies the idea of the
existence of a common stochastic trend, that is integrated of order d, while the short period
departures from the long-run equilibrium are integrated of order d —b. Furthermore, b stands for
the fractional order of reduction obtained by the linear combination of I(d) variables, which we
call cointegration gap. We first test for the presence of a unit root in the high and low prices, so
that d = 1, and, as a consequence, the fractional integration order of the range becomes 1 —b. In
order to test the null hypothesis of a unit root and of a fractional cointegration relation between
daily high and low prices, we consider a number of approaches and methodologies. First, we
estimate the fractional degree of persistence of the daily high and low prices by means of the
univariate local exact Whittle estimator of Shimotsu and Phillips (2005). Notably, their estima-
tor is based on the type II fractionally integrated process. The univariate local exact Whittle
estimators for high and lows (ci 7 and df, respectively) minimizes the following contrast function

mq

1 —2d 1 ,
de(di, Gu) = mfd Z [log(Gii)\j ) + ?Ij 1=H,L (3)

o i
which is concentrated with respect to the diagonal element of the 2 x 2 matrix G, under the
hypothesis that the spectral density of U; = [A% p/T AdLpl] satisfies

fu\) ~G as X—0. (4)

Furthermore, I; is the coperiodogram at the Fourier frequency A; = 2% of the fractionally

differenced series U, while my is the number of frequencies used in the estimation. The matrix
G is estimated as

G =13 Re(r)) (5)
where Re(I;) denotes the real part of the coperiodogram. Table 1 reports the exact local Whittle
estimates of df and d” for all the stocks under analysis. As expected, the fractional orders of
integration are high and generally close to 1. Given the estimates for the integration orders,
we test for equality according to the approach proposed in Nielsen and Shimotsu (2007) that is
robust to the presence of fractional cointegration. The approach resembles that of Robinson and
Yajima (2002), and starts from the fact that the presence or absence of cointegration is not known
when the fractional integration orders are estimated. Therefore, Nielsen and Shimotsu (2007)
propose a test statistic for the equality of integration orders that is informative independently
from the existence of the fractional cointegration. In the bivariate case under study, the test

statistic is
N/

-1
Ty = my (Sd) <siﬁ—1(é ®G)D1s + h(T)2> (SCZ) (6)

where ® denotes the Hadamard product, d = [JH, a?L], S =[1,-1), K(T) = log(T)~* for k > 0,
D = diag(G11,Ga2). If the variables are not cointegrated, that is the cointegration rank r is
zero, JA“O — X2, while if » > 1, the variables are cointegrated and fo — 0. A significantly
large value of T\o, with respect to the null density X, can be taken as an evidence against the
equality of the integration orders. The estimation of the cointegration rank r is obtained by
calculating the eigenvalues of the matrix G. Since G does not have full rank when pil and pf



are cointegrated, then G is estimated following the procedure outlined in Nielsen and Shimotsu
(2007, p. 382) which involves a new bandwidth parameter my. In particular, dy and dj, are
obtained first, using (3) with mg as bandwidth. Given d, the matrix @ is then estimated, using
mp, periodogram ordinates in (5), such that mr/mg — 0. The table reports the estimates for
mg = T%% and m; = T°5, while results are robust to all different choices of mg and my..

Let &; be the ith eigenvalue of G’, it is then possible to apply a model selection procedure to
determine r. In particular,

7 = arg Ig%nl L(u) (7)

where
2—u

L(u) = o(T)(2 = u) = ) _4; (8)
=1

for some v(7") > 0 such that
1

v(T)+ ——— — 0. 9

D+ s (9)
The previous tests are concordant in suggesting that the integration order of p/f and pl are
equal and close to unity. This is the case for 26 out of 30 equities of the DJIA index. Furthermore,
Table 1 shows that L(1) < L(0) in all cases considered, and this can be taken as strong evidence
in favor of fractional cointegration between p/ and pf, so that equation 8 is minimized in
correspondence of r = 1. The results reported are relative to the case where v(7") = m20.35
and remain valid for alternative choices of v(T") (not reported to save space). Note that, in the
bivariate case, equation 8 is minimized if v(7") > min(d;), where min(d;) is the smallest eigenvalue
of G (or alternatively of the estimated correlation matrix P = D~/2GD~/2). Provided that
the correlation between p! and p” is approximately 1 in all cases, then P is almost singular and
the smallest eigenvalue of P is very close to 0. Therefore v(T) ~ v(T) — min(§;) > 0 and this
explains why L(1) has a similar value across all the assets considered. As a preliminary data
analysis, we also carry out the univariate Lagrange Multiplier (LM) test of Breitung and Hassler
(2002) to verify the null hypothesis of unit roots against fractional alternatives. Unfortunately,
we cannot use the extension of Nielsen (2005), since the multivariate LM test of fractional
integration order, which is based on the type II fractionally integrated process, always rejects
the null of d = 1, when series are fractionally cointegrated. Therefore, it is impossible to know
if the null has been rejected due to a cointegration relation or because one of the variables is
I(1). Table 1 reports the p—values of the univariate LM tests of Breitung and Hassler (2002)
for p and pff. 1In all cases the null hypothesis cannot be rejected at the 5% significance
level, meaning that the high and low log-prices can be considered unit root processes, so that
[Ap, Apfl] ~ I(0). As a further check, provided that the daily range is an estimate of the daily
integrated volatility (Parkinson (1980)), and given several empirical studies showing that the
daily realized range has long-memory, we consider the evaluation of the fractional parameter
of the daily range series. Note that we refer to the range, R; = pf{ - ptL, as the rescaled root
square of the Parkinson estimator, that is RG? = 0.361 - (p/ — pF)2. The Breitung and Hassler
(2002) test on R; confirms the results of the Nielsen and Shimotsu (2007) procedure, since the
linear combination pff — pF significantly reduces the integration order in almost all cases, and
the local exact Whittle estimates of d¥ are approximately 0.6 — 0.7 in all cases, that is in the
non-stationary region. Furthermore, the LM test for R; rejects the null of unit root in 28 out of
30 cases at 10% significance level. As expected, the range has a fractional integration order that
is significantly below 1, and in the next section we will show how to incorporate this evidence in
a parametric model which exploits the long-run relationship between daily high and low prices.
These results are in line with the well-known stylized fact that volatility of financial returns
is characterized by long-range dependence, or long memory, see, for instance, Baillie (1996),
Bollerslev and Mikkelsen (1996), Dacorogna, Muller, Nagler, Olsen, and Pictet (1993), Ding,
Granger, and Engle (1993), Granger and Ding (1996), Andersen, Bollerslev, Diebold, and Ebens



(2001). In a recent contribution, Rossi and Santucci de Magistris (2009) find evidence of long
memory and fractional cointegration between the daily ranges of the spot and futures prices of
the S&P 500 index.

3 Modeling Daily High and Low Prices

As we showed in the previous section, the high and low prices have an embedded convergent path
in the long run, so that they are (fractionally) cointegrated. For intuitive reasons!?, we expect
that high and low prices can deviate in the short run from their long-run relation. The concept
of cointegration has been widely studied during the last three decades, since the original paper
by Granger (1981). Most of the analysis has concentrated on the special case where a linear (or
nonlinear) combination of two or more I(1) variables is 1(0). Tests for 1(1)/1(0) cointegration
are carried out in a regression setup, as proposed by Engle and Granger (1987), or investigate
the rank of the cointegration matrix in a system of equations following the Johansen (1991)
procedure. A similar approach has been followed by Cheung (2007). When a cointegration
relation exists across two variables, the bivariate system can be re-written in a Vector Error
Correction (VEC) form, where the first difference of the cointegrated variables is a function
of the cointegrating relation. Such a model has an interesting economic interpretation since
deviations from the long-run equilibrium (given by the cointegrating relation) give rise to an
adjustment process that influences the future values of the modeled variables. In our framework,
changes in the actual high and low prices that make them inconsistent with the long-run relation
will produce an effect on future high and low prices. However, the long memory must also be
taken into account, differently from what has been considered in Cheung (2007). In a recent
contribution, Johansen (2008) proposes a generalization of the VEC model to the fractional
case. Such an extension allows for a representation (through a so-called Granger representation
theorem) which, in turn, enables us to distinguish between cofractional relations and common
trends. Johansen (2008) suggests studying the fractional cointegration relation in the following
system representation

K
AYXy = (1= A AT af Xy — p) + Y TAMLIX + 6 (10)
j=1

which is based on the new generalized lag operator L, = 1 — (1 — L)b. In our set-up, the
vector X; includes the daily high and low log-prices, X; = (p,pF), and ¢ = (¢/!,e) is
assumed to be i.i.d. with finite eight moments, mean zero and variance ). Furthermore, o =
(apr, ap) is the vector of the loadings, while § = (1,7) is the cointegration vector. The first
term on the right can be represented as a(1 — A?)AY=(pH +~pF — 1) where the core component
(1 — AYAT=b(pH + ypF — 1) defines the cointegration relation. Differently, the element a; in
the vector a measures the single period response of variable ¢ to the shock on the equilibrium
relation. In the following, we restrict the cointegration parameter v to be equal to —1, so that
the cointegration relation can be interpreted in terms of the high-low range. We note that
in preliminary estimates where this restriction was not imposed, the estimated cointegration
parameter was generally very close to one, and we were not rejecting the null of v = 1. Moreover,
imposing the condition d = 1 in model (10) implies that, following the definition of Hualde
and Robinson (2010), in the case of strong fractional cointegration, i.e. b > 1/2, the range
would be stationary and integrated of order d — b < 0.5. On the other hand, the case of
weak fractional cointegration, where 0 < b < 1/2 see Hualde and Robinson (2010), leads to
a non-stationary fractionally integrated range. We also introduce a constant term, g, in the
cointegration relation, which represents the mean value of the range; . must be positive, provided

OHigh and low prices can deviate temporarily because of information motives, liquidity factors or other mi-
crostructure effects such as bid-ask spread bounces, price discreteness, trading pressure.



that pff > pl by definition. Assuming that the rank of the matrix a3, the cointegration rank r,
is known already, model (10) is estimated following the procedure outlined in Lasak (2008) and
Johansen and Nielsen (2010a). In particular, model (10) is estimated via a maximum likelihood
technique analogous to that developed by Johansen (1991) for the standard VEC model'!.
The asymptotic distribution of the FVECM model estimators is studied in Lasak (2008) and
Johansen and Nielsen (2010b,a), while this estimation procedure has been employed by Rossi
and Santucci de Magistris (2009), which show the finite sample properties of the estimators
through a Monte Carlo simulation. In a recent contribution, Johansen and Nielsen (2011) show
that the asymptotic distribution of all the FVECM model parameters is Gaussian when b < 1/2.
On the other hand, when b > 1/2, the asymptotic distribution of 3 is mixed Gaussian, while the
estimators of the remaining parameters are Gaussian. On the basis of the results in the previous
section, it seems natural to estimate model (10) on the log high and low prices for the 30 stocks
under analysis. One lag in the generalized autoregressive term is assumed to be sufficient in
all cases for a good description of the short term component. Table 2 reports the estimation
results of model (10) on the 30 series. The estimated parameter b is lower than 0.5 in 27 cases,
meaning that, as expected, daily range is generally non-stationary. In particular, the estimated
degree of long range dependence of daily range implied by the FVECM model is between 0.4611
and 0.7467, meaning that the persistence of the range is very high, while the null hypothesis
d =1 cannot be rejected in most cases. It is noteworthy to stress that the estimated degree of
long memory of the range which is implied by the FVECM model is very close to the values
obtained with the semiparametric estimators, in Section 2. Moreover, ay and «y, are significant
and with the expected signs, so that it is possible to conclude that high and low prices are tied
together by a common long-memory stochastic trend toward which they converge in the long
run at significant rates.

Interestingly, the deviations from the attractor (the long-run relation) have an economic
interpretation in terms of volatility proxy, that is the range. Therefore, a parametric model for
the high-low prices incorporates significant information on the degree of dispersion of the prices.
Hence, we are able to exploit the long-memory feature of the price dispersion in order to obtain
better forecasts of future high and low log-prices based on past values. Figure 1 reports the
high and low log-prices series of IBM and the common stochastic trend constructed from the
estimates of model 10 and the Granger representation theorem for fractional VAR in Johansen
(2008). It is also clear that the common stochastic trend closely follows the dynamics of the
high and low log-prices, provided that they are tied together by a strong cointegration relation.
The deviations from the long run relationship, which is the high-low distance or range, are also
plotted. The range is a highly persistent series characterized by long periods above or below the
unconditional mean. For example, the recent financial crisis in 2008-2009 is characterized by a
larger discrepancy between the high and low prices, that is the result of a higher market risk. In
the next section, we will show a possible trading strategy that can benefit from better forecasts
of daily high-low bands.

4 Forecasting and Trading

Given the estimates of model (10), a natural exercise would be based on the forecasts of the high
and low prices, using them to implement a trading strategy based on the predicted so-called
high-low bands. Our focus is purely illustrative, and we provide a reasonable application of
our modeling approach, thereby extending the study of Cheung (2007) in that direction. In
doing so, we consider an expanding estimation period, which is used to evaluate the model and
produce the one-step-ahead forecasts. We base our analysis on a subset of 20 assets of the Dow
Jones index, for which we dispose of high frequency prices (i.e. one-minute frequency) for a
total of 390 intradaily prices per day. The sample covers the period from January 2, 2003 to

HThe VEC is obtained as a special case of the FVECM when d and b are fixed to be equal to 1



December 31, 2009, for a total of T" = 1762 observations. We provide out-of-sample forecasts
for the last 251 sample data points, the year 2009. Therefore, the estimation sample length
includes a minimum of S = 1511 observations and a maximum of S = T — 1 data points. At
each step, model (10) is estimated on the first S observations, and a one-step-ahead forecast of
the high and low prices is obtained; we call these forecasts F'C' bands. Note that, in order to
guarantee that the predicted high-low bands are robust to the overnight activity, the overnight
return log O; — log Cy_1 is included in model (10) as an additional explanatory variable (O; and
Cy—1 are the opening and closing prices, respectively). The introduction of the overnight return
log mimics the regular operating activity of a trader who, using the model, produces the day ¢
forecasts for high and low, including the opening price of time ¢ in the information set. Given
the bands, the trader uses them within day ¢ regular trading hours. Figure 2 plots the Japanese
candlesticks, based on the observed prices of JPM, with the corresponding predicted high-low
bands. It is clear that the F'C bands provide a better out-of-sample fit of the high-low dispersion
with respect to the high-low bands based on a 5-day moving average of high and low, M As,
which represents a tool often used by technical analysts. Table 3 reports the p-values of the
Diebold and Mariano (1995) test for the out-of -ample forecasts of the high and low log-prices,
obtained using the FV ECM. As competing models we chose the random walk, RW, the 5-day
moving average, M As, and the 22-day moving average, M Ass, which correspond to weekly and
monthly averages respectively.'?> We correct the predicted high-low bands of RW, M As and
M Ass by adding the difference between the opening price of day ¢, O, and the closing price of
day t — 1, Cy_1. Such a choice realigns those competing forecasts with the information set used
in the F'VECM model where the opening price of time ¢ is taken into account. The Diebold
and Mariano (1995) test for the forecasting superiority of FV ECM is carried out focusing on
the mean squared error (MSE) and on the mean absolute error (MAE) of the forecasts, where
the error of model i at date ¢ is defined as the difference, ¢€;;, between the observed high in the
period t + 13, and the corresponding forecast provided by model i:

et =Dl — Py, i =FVECM,RW, MAs, MAs (11)

Specifically, the interest is on the measure of the relative forecasting performance of the different
model specifications, testing the superiority of model ¢ over FVECM, which is the benchmark,
with a t-test for the null hypothesis of a zero mean in

2 2
€t 11,FVECM — €415 — G+ (12)
letr1,rvECM| — |e+14] = di +&

where negative estimates of ¢; and d; indicate support for the F'V EC M, provided that all models
are compared to the FVECM. The Diebold and Mariano (1995) test is the t-statistics for the
nullity of the estimates of ¢; and d;. Overall, Table 3, depicts a situation where the forecast
errors associated with the FVECM are significantly smaller than those of the competing models.
As expected, the p-value of the test for M As and M Ay is highly significant in all cases. This
is due to the fact that moving averages are used in practice to identify local trends in the prices
and not for a point estimate of the prices. On the other hand, for what concerns the RW model,
the t-test based on M SE is always negative and the p-value is often lower than 5% for both the
pfl and pl. This result suggests that the fractional cointegration model significantly improves
the forecasts of high and low log prices, with respect to the model that, consistently with the
strong efficiency of the markets, assumes that the best forecast of future prices is the actual
price.

We then implement two simple trading rules that make use of the model outcomes. At
first, we consider a trading rule based on the predicted high-low bands. We define buy and sell

12The alternative specifications all consider separately the high and low prices for the construction of high and
low bands. By contrast, our model provides the high and low forecasts within a unified framework.
13 Analogously for the low log-price
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signals comparing the intradaily evolution of the equity price and the high-low bands. If the
price crosses the high band, we interpret it as a buy signal. Conversely, if the price crosses the
low band we have a sell signal, see Murphy (1999). This can be interpreted as a trend-following
strategy, where the upper line is used as a bull-trendline in a uptrend, while the lower line is
used as a bear-trendline in a downtrend. We also implement the contrarian strategy: if the price
crosses the high band, we interpret it as a sell signal. Conversely, if the price crosses the low
band we have a buy signal.

It is therefore possible to carry out a realistic trading strategy based on the high-low bands,
as described above. In particular, the previous rules define the creation of long or short positions.
Those positions created within day ¢ can be closed or maintained in the following days. Once we
enter a new position, two additional bands are created in order to guarantee a desired minimum
level of profit or a maximum acceptable loss. These additional bands, called the stop-loss and
take-profit bands, are proportional to the high-low distance and are created as follows. Suppose
that we have a trend-following strategy, and the predicted upper bound, f’tH , is crossed by the
price at a given time t < 79 < t 4 1. In this case, we open a long position and the stop-loss and
take-profit thresholds are created as SL; = PtH —6R; and TP, = PtH + 6Ry, respectively, where
§ determines the size of the new bands and R; = ptH — Jf’tL is the predicted daily range. If the
price crosses the SL; or TP, in 19 < 7 < t 4 1, then the long position is closed. On the other
hand, if an open position is not closed during day t, then it is maintained until ¢ + 1. By design,
positions can also be closed at the opening price for two possible reasons: first, during the market
closing period, relevant news might be released with a potentially elevating impact on prices;
second, the FVECM model does not guarantee that the opening price at time ¢ + 1 is inside the
high /low bands of time ¢+ 1. Suppose that at time ¢ we have an opened long position in a trend
following strategy. At the beginning of t + 1, the position is closed if Oy < max([]stﬁl; SLy])
or if Op1q > min([Pﬁrl; TP]). Such a choice allows us to avoid too risky strategies which might
be taken in case of large variations of the prices over two consecutive days. If a position is
not closed during the market opening, then Pterl and Ptffrl are used as predicted H-L bands for
t+ 1. Similarly we can define stop-loss and take-profit bands for the short positions and for the
contrarian strategy. The payoffs of this trading system, based on two couples of high-low bands,
are reported in Table 4. In order to consider a realistic trading strategy, it is assumed that an
initial amount, Ag, of 20,000 US dollars can be invested in the strategy. A fixed cost of 5 dollars
is charged on each transaction. During day ¢, the investor can buy or sell an amount of stocks
that is equal to Ny = [A;/P;,]|, where [z]| indicates the nearest integer less than or equal to x
and g is the time in which the price crosses the bands.

It is immediately evident that the strategies are symmetric, so that when the trend-following
strategy produces a positive payoff, then in most cases the corresponding payoff of the contrarian
strategy is lower than 20000 dollars. We notice in general that, across the strategies considered,
the payoff from the contrarian strategy is generally higher than the payoff obtained with trend
following. This is probably due to the fact that, when the price exceeds a given threshold, there
is a higher probability that it will revert, tending to move toward the initial value, rather than
moving further toward more extreme values. The reverting behavior of the extremes has also
been noted by Cheung (2007).

Relatively to the other bands employed, the F'C' bands have similar performances in terms
of final outcome. The F'C bands provide less frequently the worst performance with respect to
the alternative choices. Moreover, when the contrarian strategy is employed with the £'C' bands,
we observe 12 and 11 positive outcomes with 6 = 0.25 and 6 = 0.5. In particular, the strategy
based on the F'C' bands has good relative performances when the contrarian strategy is applied
with § = 0.5, which increases the probability of maintaining the position opened until ¢ + 1. In
that case, the F'C' bands have the best performances in 7 cases. Except for the case of BAC
and JPM, the profits and losses associated with F'C' are rarely above 3000 dollars (or less than
-3000), so we can conclude that in general it seems that the payoff variability associated with
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FC is lower than the variability associated with the other strategies.

An alternative trading system could be based on a different construction of the bands. Now
we focus on the predictions of the model (10) as a possible way of recovering a forecast of the
range, R,. This is automatically obtained by the difference between the predicted high and low
prices. Therefore a range-based strategy can be employed. For M As and M Ass, these are the
averages of the daily range with different horizons, while RW simply takes the range at time
t—1 as the predicted range at time ¢t. In this case, the daily H-L bands for day ¢, are centered on
the open price, so that the upper band is equal to Oy + Ry and O, — R;. Therefore, the size of the
band is 2R;. Once the bands have been created, the trend-following (or the contrarian) strategy
could be implemented similarly to as described above, with the corresponding SL and TP bands
which are constructed with 6 = 0.5. In this case, the position, eventually opened during day t,
is not maintained until ¢ + 1 and must be closed before (or in correspondence of) the last trade
of day t. Table 5 reports the results of a contrarian strategy based on the daily range bands.
Table 5 reports the value of the investment at the end of the sample, say on December 31, 2009.
In 12 out of 20 cases the strategy based on the range, obtained from model (10), reports positive
profits, while the strategy based on buy and hold, fifth column, has positive profits in 11 out
of 20 cases. With respect to the other strategies, the F'C' bands perform generally better than
RW and M As, while having similar performances to M Aso. This is due to the fact that M Ass
is able to well approximate the long-run dependence of the range series and, in this particular
strategy, the difference in terms of profits is not relevant. This evidence can be well understood
from Figure 3 which plots the forecasts of the range based on different model specifications. It is
clear that RW provides a very noisy forecast of the range, while M Ay is extremely smooth and
it is close to the forecast of the FF'V ECM that is based on the maximum likelihood estimates
of b, which governs the persistence of the range. Relative to the other strategies, the strategy
based on F'VECM has a lower number of days of trading, that is approximately 40, compared
to RW and M As, which trade more frequently. Moreover, the variance associated with the
daily payoff of the various strategies is the lowest for the FVECM in 12 out of 20 cases. The
variance of the buy & hold strategy, B&H, is always greater than the variance of the strategies
based on intradaily trading. Finally, the Sharpe ratio associated with the FC strategy often
takes the highest value. This means that, when the returns of the strategies are adjusted by
their riskiness, the F'C' strategy outperforms the others. This is probably due to the fact that
the FVECM is able to provide good forecasts of the range, and therefore more precise timing
for investments.

5 Conclusion

The main contribution of this paper is to show that high and low prices of equity shares are
partially predictable and that future extreme prices can be forecast simply by using past high
and low prices that are readily available. Apparently, their predictability is at odds with the
difficulty of forecasting asset returns when prices are taken at a fixed point in time (at closing,
say) and with a long tradition of empirical work (e.g. Fama (1970 and 1991)) supporting the
efficient market hypothesis.

We propose to model high and low prices using a simple implementation of a fractional vector
autoregressive model with error correction (FVECM). This modeling strategy is consistent with
two main stylized patterns documented in this paper: first, high and low prices are cointegrated,
i.e. they may temporarily diverge but they have an embedded convergent path in the long run.
Second, the difference between them, i.e. the range, displays a long persistence that can be well
captured by the fractional autoregressive technique.

The analysis of some simple trading strategies shows that the use of predicted high and
low prices as entry and exit signals improves the investment performance. More specifically,
we find that out-of-sample trading strategies based on FVECM model forecasts outperform any
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reasonable benchmark model, even on a risk-adjusted basis.
Future research might extend our work in many respects. An interesting question to address
is how good predictions of high and low prices can enhance risk analysis and management.
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Japanese CandleStick and High-Low Bands
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(b) MAs5 bands

Figure 2: Japanese CandleStick with predicted high-low bands. Panel a), the red lines are the
high-low band based on model (10). Panel b) the red lines are the high-low bands based on the
5 days moving average. The sample covers the period from November 1, 2010 to December 31,
2010.

20



"S[OPOW JUSIOPIP UO paseq dFurl ATrep Jo

S9SBDDIO0N ¢ 9INII

©eyIN (P) VI (0)
EE,%Z Es,oawm z,% @,g ;g,% E&% hggwsz E%,_o%m g,e jg :e,% ag:)g
e £
dy L i
9 r -9
g L -8
o L -0
| | | 4 | | , o
22V wou g Loy ouey pajapeld G Woy g 1o abuey pajapalg
Mo (a) INDHAAM (®)
Jaquianoy queldag finp fep T fienuep Jaquisnoy JETENE finp fepy (131} frenuer
T T , , T 0 T T , T T 0
14 -
v F =
9 F =9
Lig L -8
ot L -0
, | a , , , o

M oy g o sy paroprg

O3 oy gl oy by patopalg

21



"04G Y@ 9OURDYIUSIS suraW plog "uonewIss NOHAL ¢ 2[qRL

690¢°0 | 9L60°0 TL¥0°0 | TOP6°'0 96¥9°0 9¢690- 9699°0- 60€0°0 <CTILI9'T ¥9¢0°0- €81IV'0 WNOX
6T¢6°0 | 8CCT'0 96¢0°0 | ¢ecl'0  LL9C0-  8CCc 0 LCSTV'0 L9T0°0 SVLT'T  69SL°0- S6E€vV'0 LM
€929°0 | 90¢T°0  ¥¢€0'0 | 8OVI'T  ¢65¢°0 L¥¢9°0- ¢6000- O0ICO0 QCS¥'c  ¢8Ve0- T19€¢°0 ZA
GECT0 | LSGPT°0  LGc0°0 | 0988°0  T¥c00 GLLT O~ 89LTO 8TE0°0 L8CE'C 0009°0- <cOve0 XN
8TG9°0 | 9480°0 L9G0°0 | €670  6965°0-  0950°0-  ¥689°0 GLY0'0  KCSL'T L0GLT- 1€92C°0 AH L
LLGE70 | €8L0°0 SELO0 | 096C°C  €920°0-  6¢C8S'I-  L68T0 0cr0'0  LeVr'e &l 989¢°0 L
L6060 | 6¢ce’0  TEV00 | €670 0960°0  LS0€°0-  9¢S0°0-  6LTO°0 €9¥P8'T CIST'0- 68E€S°0 od
0T80°0 | 96L0°0 9¢L0°0 | OT¥PP'0 1¥C00 ¢L0c’0-  ¢c9T0 L6TO'0 GE€6T'T €999°0- ¥¥0S°0 HAd
€L6¢°0 | LTRO'0 ¥#970°0 | GREL'0  PEEC'T-  1IREE0-  08EC'T 06c0'0  8086°T 0I8e'C- 8¥6C°0 LASIN
G08¢'0 | ¥8L0°0 R80LO0 | 6670°T €¢E0°0-  0LL90- ©€9¢¢0 9¢c0’'0  6TI86°'T 6686°0- <CTLLEO0 MU
0LET°0 | 89CT'0 €€70°0 | 6000°T TOEP'0- 961G°0- 48490 06T0°0 S8¥PYI'C 909T°'T1- LERE0 NIV
08GL0 | 060T°0 ¥#0OV0O'0 | OO¥E'C €VCy0-  8SI6'T- 999570 8€C0°0 SGPCCV 69LG°'1T- €€SC°0 aon
0ver0 | Te60°0  LS90°0 | €09¥°0 67S0°0 9L00°0 Y1010 L8TO'0 SVEC'T  LEBL'0- 6LIVO OM
L0PR0 | 89CT'0  €E70°0 | 6000°T TOEV0-  96IS°0- 98G9°0 O06T0°0 S¥VPILI'c 909T°'T- LEVE0 LAM
LELE0 | G8CT'0 TO¥VO°0 | 0099°'T SG99T'T  €290°'I- 6S666°0- S9€0°0 T96¢€°Cc <TE99°0 Geov0 Ndr
L2060 | G¥60°0 49¢0°0 | ¢0cO'T 19%¢°0 €L6G°0-  6I¢I'0-  LSIO0 €TE€L'c 10070 TTGE"0 I'NC
€610°0 | 8680°0 8670°0 | OVS0'c  80FE0 8694°T- 86€0°0- 66100 89€€°¢  06LL°0- IT1€°'0 OULINI
6T0C0 | GRTT'0 0¢v0°'0 | €L0°C 90€0°0 LTECT-  €0LC0 GLE0°'0 <CLTI9'¢ T600°T- 9TLC0 JARSRI
G88¢'0 | 66800 6L50°0 | 9¥C¥'0  99€T°0 S0r0'0-  T0€0°0 G¥Cc0°'0 98ST'T  L99¢°0- SP0S°0 OdH
¢890°0 | 08GT'0 ¢¥cO°0 | 09G€0 T9.¥7°0-  €LL9°0-  L8PLO 18¢0°'0 0¢S6°'¢ G6IS8T'I- 8¥6<°0 aH
9160°0 | P800 TcLO'0 | ¥C9€'T  GC9¢0 6,L69°0- 496600 99¢0'0 G€6T'C 09¢8°0- LVIEO HO
8G00°0 | €STT'0 ¢IcO'0 | 06TL0  QISS0-  LPOT'O-  €¢90°'T 76€0°0 G9€T'C T1CO0S'TI- €90¢°0 S1d
06¢c’0 | ¢LL00 ©¢€80°0 | €S0T'T 006¢°0 ¢c09°0- 499c0'0-  89C0°0 TL68'T CVP0O8'0- LLLEO aad
0SP8°0 | 6¢80°0 ¢¥€0°0 | €096°0 LT6T°0 0vcv'0-  GT1L0°0 6970°0 GE€96°'T 08€G°0- QLGSO XAD
G060°0 | €990°0 ¢cT90°0 | €L8L°0  €LLC0 L666°0-  890T°0 6CC0°0 6S6¥V'T  L8LI9°0- QLTV'O0 0OOSO
L0PT°0 | LLLOO  LPS0°0 | 8CET'T  80S6°0- G9999°0- 9¢ec’'T LI9V0°0 986¥°'C GIE€E'C- L69T°0 LV O
¢G80°0 | L60T0 0€€0°0 | CLOT'T 9%09°0 66090~ 868¢'0- ¢LeO'0 VICT'C 69¢C°'0 T¥8E'0 oved
6¢9¢°0 | €480°0 LLG0°0 | LEE¥V'T  ¢cv0'0 Gc68°0- 98920 90€0°0 TLLV'C 9SCO'T- <9LEE0 Vd
¢91G°0 | 09GT°0 86C0°0 | TE6¥°0 6950°0- 6VITO0 689¢°0 €660°'0 I8C8'T GCIL'0- <20S€0 dXV
G6L0°0 | 0690°0 €8L0°0 | €GLE'T 0L€€°0 €098°0 L8TT°0 16¢0°0  LA86°T 9.8L.°0- <TO8E'0 4’4
=p wm @m ool 120 4 TTL 7 T Hpo q

22



"SUOT}ORSURI) JO TBDA )s[ 9} SopN[OUl porrad }seddI0] o], "/ JU ‘10110 9IN[0Sqe-Ueall oY) U0 pue ‘G5 JA7
‘10110 paIenbs-ueaw oY) UO Paseq }s9) OURLIRIA-P[OYRI(] 913} JO anfea-d o) s310dol o[qe} :1seda10] o[dures-Jo-1no 10j 189} OURLIRIA P[OGRI(] ¢ 9[qe],

00000 0000°0 €¥00°0 00000 0000°0 €€00°0 00000 00000 TLEVO 00000 00000 82¢1°0 WOX
00000 00000 ¥¢90°0 00000 00000 0070°0 00000 0000°0 008€°0 00000 00000 GSIEO0 LM
0000°0 00000 70980 0000°0 00000  T¥P8C0 0000°0 00000  €¢80°0 0000°0 00000  ¥60T°0 ZA
00000 00000 ¥8€Z0 00000 0000°0 0910°0 00000 0000°0 <000°0 00000  0000°0 LTOO0 L
0000°0 00000  ¥L9L°0 0000°0 00000 VETEO 0000°0 00000 §994°0 0000°0 00000  6LT€°0 od
00000 00000 2LS0°0 00000 00000 6¥10°0 00000 0000°0 <0100 00000 00000 TIVIO0 HAL
0000°0 00000 G¢eT1 0 0000°0 00000 4GS70°0 0000°0 00000 €TOS0 0000°0 00000 L&6¥V°0 dONW
00000 00000 TL¥T°0 00000 00000 4600°0 00000 00000 ¥6¢¢0 00000 00000 86100 JLAM
0000°0 00000 VILTO 0000°0 00000 €LE00 0000°0 00000 ¢CLT0 0000°0 00000 OFVICO0 WNdr
00000 00000 S¥00°0 00000 0000°0 €000°0 00000 0000°0 T€00°0 00000 0000°0 TS00°0  INI
00000  0000°0 0000°0 00000  0000°0  0000°0 00000 0000°0 &¥00°0 00000 00000 97100 WHI
00000 00000 40€0°0 00000 0000°0 9000°0 00000 0000°0 8¢0O0°0 00000 00000 60000 OJdH
00000 00000 65070 00000  0000°0 ¥00T"0 00000 00000 L0€L0 00000 0000°0 G000 (H
0000°0 00000 €8¢V 0 0000°0 00000  €9T1L°0 0000°0 00000  ¥609°0 0000°0 00000  §690°0 H9
00000 00000 9570°0 00000 00000 4¢00°0 00000 00000 8480°0 00000  0000°0 T¥00°0 aad
0000°0 00000  2L100°0 0000°0 00000 €TO0°0 0000°0 00000  TT96°0 0000°0 00000 ¥cel' 0 XAD
00000 00000 STOO0 00000 00000 ©cO0°0 00000 00000 <&¥¥0°0 00000 00000 @€€000  LVO
0000°0 00000  LT99°0 0000°0 00000 G090 0000°0 00000 TE€8L0 0000°0 00000 Leve0d OVE
00000 00000 @¥¥0°0 00000 00000 T1€00°0 00000 00000 G6€€0 00000 0000°0 TTTIO0 Ve
0000°0 00000 6S€T0 0000°0 00000 &¥00°0 0000°0 00000  9L400°0 0000°0 00000 68000 dXV

YW VN MY CywW VN MY YW VN MY CywW VN MY
HYV N SHIN HV N HS I

23



"SIR[[OP 0000¢ St
junoure AI1ejpououl [RIYIUL 9 T, A[oA1300dsor ‘SARp g pue G 1Se[ 9} JO [9pOW oFRIoAR SUIAOUL ® WO SpUR(| MO[-USIY pojorpald o) uo poseq ASojeIs
9T} 0} SIdJAI TTY/ Py puR S|/ i [OPOW Y[eM WOPURI ® WOIJ SpUR| MO[-U3IY pajoipald o) uo paseq A3ajer)s o) 01 siool A “(0T) [PPOW WOIf spue(
MO[-YSB1Y poaorpald o) uo poseq £301eIIS oY) 0} SId9Jol ) ‘Spue(q -H JULISHIP U0 paseq seoururiojrod A301e11g uerrejuo)) pue sso[-doig :j o[qe],

198G¢ ¢v91¢ 06VIc LL8CC ¢90Te  LOv6T  G96T¢  S0¥0¢ GPIGT  L8LLT 096L1 ¢P69T 0068T 6670¢ STO8T €LE6T WNOX
PAP8T 16861 VIV6L FLOST 6€¢lc  L0cTc  €LIST  BEOGT €9€8T €461 P410¢ €091¢ 61L8T €IL8T €S8I¢ ¢E€R0C LNM
GEETC Gcv0c ¥991¢  €8S0¢ L0v0c  TOS0C T¥.L90C 86661 L6CTC  C868T TESLL 69881 1¢G6T  LLC6T GCI6T 90861 ZA
GG00c 6.89¢ 9¢€cye  V1c0C 0620¢ 098¢c  69L1¢ <CV861 0€SG6T CIEVI 678ST 628061 86161 LOELT <CCI8T LG86IT L
€669T  P9061 69C8T 09481 10661 LE00C 6I€TC €V00C 169€€C¢  GL¥0¢ LIvic G90I¢ €000¢ 92861 90981 60861 od
67G1¢  9LGLT 9L9¢¢ LECL1 6950¢  9¥€6T 0950¢ GLTOC 19181  L061¢ €V0LT OIvce 60€6T ¢6V0c TEI6T €9G6T  HAd
90¢0¢  1689¢ LICIC €L6VC 0IvIZc 8C861 LSEIC ¢av0C 6LE61 VCcv¥l  L6CST 09941 L6G8T  1900¢ €8S8T  09¥61 dON
G0LVe  9€1€C  €0€0C €899C ¢1L0¢  ¢¥elc L6981  0G88T L98GT  F989T €6I6T 8EGTI €4C6T  €9981 8ITI¢ GEOIC  LAM
86991 €66VI 8LVIE EV6IE 0T¢8T  VSV8IL  €E€9LT L9061 062cc  809¢c SOVOT  8¥FOT V.VIC¢  LO11¢ 8OLIC 1¢661  WNd[r
8L¢1¢  L6L8T 8E6IC 09¢0¢ LLG0C  6LV1C¢ G06¢C  89ITET 0LV8T  ¢8L0¢ LS8LT 8LEGT 9¥€6T  9098T 6E€ELT  T60LT NI
IVI6T  L8Vcc GLVee 10661 6¥80¢ C¢LETC TVICIC L6SST 98061 96981 GOLST 9IE€IC 98061 96981 GOL8T 9I€Ic WNHI
8L¢€C  TILLT €E€E6T GEGLT L8VTC  LET6T  91V0C 8VERI €C89T  BGKIC 6ERGI  T1V6IC ILP8T 0990 €6261 T11S1¢ OdH
GGe8T  6E6VI  6.70C LIVLI GOvic v0€0c 0clSe 1¢€9¢ ¢0€Tc  7099¢ CIEBT  C8BIC 08781  L¥¥61 €VIST 06871 (H
9IvLT  994€c  LCPST  6€9LT 0G€6T  T69T¢ 8GLLT TVPCIC vevce  60€ST  60T€C  L1c0C ¢cG0c  GL6LT  8ELIC O0T08I HO
68991  T6LVT ¥990C¢ 9€L0C €VG61 0C681 C6SIC 9€LGC TIveEC  9€L9C  SGI8T  0SC8I 0c€0c  v.80c 9018T O0O0TLT adad
69GTC 09991  L6V6T  0LVPC VLETC  9¢l8T ¢S0T¢ L8EOT T608T  0697¢ €F96T  GOLST C¢I98T  86ITC OIL8T G6E€61 XAD
0705¢  90TET LEEST TIE€ET ¢SLT¢  €LE8T 0VS8T 07891 16€GT  LCC8C 0€8€C  TPYQT GIC8T  L9V1c €¥80¢ G96cc  LVO
098TT  G¥S0¥ 8PGLT 088G T68GT  LGT¥E L88GC ¥.L0SC 89¢TE¢  ¢IvL  GEVST  OTIV¥ 66€Vc  6¢v0T  ¢L9ET 6V0VL OVE
G€G0c  6€961 0190¢ Lvcal 8VT0C  8LEGT LOS6GT FEGKT 0€06T  8SV6T 8IEKT GVIVC 07961  6170¢ <CE€86T 9¢CIC Ve
Vecll  18€¢c  Tavle 08061 8¥¢lc  LELTG LV6CC  8VCST 1€8TC  66¢ST  VIVCL €C6LI €0G8T  V.L9LT 88GIT I€19C dXV

Cyw SVIN MY DA CyW_ VN MY DA Cyw SYIN MY Dd CyW_ VN MY DA

G0=¢ Gco=2¢ G0=¢ Gco=2¢

URLIRIIUO)) SUIMO[[O]-PUSI]T,

SOOURWIOLIOJ AS0RIlG

24



71 JO sonfea
oaryisod 10§ pojrodar Afuo st orger odreyg oy, (T /fyvw)pis = 0 pue (1-Hy/Hyy)uvaw = 1l oIoym ‘001 - 5 = ¢ Se paje[nores st orpey odieyg
o, "(00T/*/V)+4pa se paje[nofed SI sjUaULIOUI 01[0J310d o1} JO 9OURLIRA ST, ‘SIR[[OP ()000F ST JUNOWe AIRjoUOW [RIJIUL O], "9)epP [RUY oY) IR [[oS
pue d9jep [RIYIUL 91} I8 AN UO paseq AFajei)s v Jo gohed oy st gpg “A[parpoadsar ‘sAep gg pue ¢ 9se[ oY) JO [9POW 9FRIOAR SUIAOUW © WOIJ dFUel
pogorpaid oY) U0 paseq A391eI)s oY) 0} SIJal G/ pyy pue S/ py ‘[OPOW Y[eM WOPURI ® WOIJ oFuel Pajorpald o) U0 poseq A399er)s o) 03 SIofol MY
(01) Ppow woy d8uel pajorpald oY) U0 paseq AS9jeI)s 1) 0} SIJOI ()] "S[OPOUW d8UeI A[IRD JUSISOPIP UO pase( seoueuriojod £39)eI)g :G o[qR],

- - - - - GIIe's  vvee’0  v0I€0  ¢9Iv'0  ¥495C0 v [41 69 8¢ 0LL9T  GE€I61 VIT6T 69861  I8E6T INOX
- 89619  L0TE'S 86990  €TVEL ¢L00'9  TPPC0 99610  VLVEO  9TLTO ji% 14 g9 L€ 80L8T  L¥VL0T VLG0T  9.00C  €V.L0C  LINM
- e or  — 6LI67  C986°L 0096°L 10180 Gc0S'0 00¢80  6LIL°0 0¢ 67 79 97 89961  09¢¢c  0c061  0L0T¢  9991¢ ZN\
- - - 60CT'T  GL96'T 816L'8  TVEVP'O0 €6¥V€0 CSVP'0  €T07°0 (44 0g c9 6¢ 08¥6T  9€LTC  LT20C  8988T  8GLOT L
- LI8E'T  0L20'T  €9L0°'T  0LES'T L6089 ¢06¢'0  0F8Z'0  GL0V'0  90LC°0 6¢ 8V a9 (44 L9¥6T  €0002 1¢0Tc  98¥6T  1970T od
- 08690 ¢8€S'Cc 8CVL'S — OTO'IT  808L°0 ¢cP80 0€L80  6LIL0 v 144 c9 6¢ T9L6T  90T0C ceG0c  0€ETC  66€61 ddd
- CcL9L'8  866LC  690°T €610°¢ 8C8E'9  868€°0  ¥E6E0  880F'0  6€8E0 14 1S 69 147 LTL6T  T9€TC  8IVOZ  €€90C  €9.0T dOIN
- - - - - 988¢'6  6¢¥E€'0  0L0V'0  O8I¥'0  18CE0 17 1S 89 144 G066T 89461 6968T  G6761  O08V6T LAM
¥6€C°S  L8T'GT  PEE'8T  LVED'6  C86'9T cEL'08  68VS'C  88GL'T  TEEE'E  CO66'T 8¢ 48 69 ge TITLC  ¥60.LC vv9e  v91€C  V169¢ Ndr
€810°€  PIPP'T  Ge01'9  LEOT'S  006C'8 TIST'Y  PLVI'0  VL6T°0  ¢0Cc’'0  ¢Lvl0 €e or 9¢ LE 6¢€1¢  ¢€10C  8990C  G960¢  S080T [NC
8V¢'0T  — - Ivoc'e  €900'7 G6G'GT  8G8G'0  CLIV'0  SITSG'0  CTIEV'O 194 €4 g9 Ly €9¢0€ 90761 8L66T  1690C  S610C NdI
eyl - - - - VLC8T  ¢IPS'0  89€9°0 19160  OPELO 67 €g 19 1474 1€18¢ 70161 GG88T  €LC6T 06761 OdH
606°¢ TLC6T 196'8T  VWLC'8  LV6'EC €IC'8T  ¢P9L°0  L6C8°0 C9€6'0  COT9'0 194 TS 12 [44 IvIve  T0EVE  V9EVC  8661C  6LLVC dH
- 19687y  — T12°9T  90¥°0T Ger'ec  6¥VI9°¢  0vL0C  9T9€V  TE6IC 16 0g 29 8V GCILT  LTCCT 86161  88Y8C  GTVET Ci9)
86L8V  — - - - cre'1e  VIOT'T L9280  8T99°0  80c¢80 1934 0¢ 29 19374 8¢8SC  LLI6I TOTLZT  T88ST  LPSLI aa
ovL6'0 — - - L02L°0 18701 ¢g92’'0 49Igc’0  IvpPeE0  6V0E0 8¢ ov 4 6¢ L020C  TTE6T IPv61  T¥P61  C800T XAD
760¢’V  V66L°0  9889'C — - €80°9¢ 0996'T GL6S'T  VIVI'C 0068'T 187 67 g9 1514 EVEVe  8G10T ¢6L0c  LG88T  18¢61 LVD
- - - - - L9€°GL  GOLV'E  6LEE9  86CEE 00901 6¢ 67 qg 9€ G10TC¢  ¢I6CI 6V9¢T  T80LT  6€TST ovd
96GL°€  1€0°CT  LSC'0T  ¢€OLL PS0°Cl 8eG'Ic  0Pee'T  €Ove'l  1E€VC'T  LET'1 87 48 99 87 9LLEC  66TET 168¢¢  L6L1C  OVCET vd
869¢'8  — - - - ¢I'vOT  8GL9'C  ¥IO6'T  CIVI'C  696€°C 9V €9 T9 187 80¥ch  T€E6T VIC6T  6I8GT  OSLLT dXV
HRd CCVIN VN My oA HRd CCVYIN VN My o4 CCVYIN_ VN MY DA H®d VYN VN MY oA

onpey adreyg QourRLIRA JJOARJ suorjoesuRi], JO IquInN pokeg

25



